Abstract--Since almost all practical problems are fuzzy and approximate, fuzzy decision making becomes one of the most important practical approaches. One of the important aspects for formulating and for solving fuzzy decision problems is the concept of convexity. In this paper, we investigate the interrelationships of several concepts of generalized convex fuzzy sets. We also prove that, in the upper semicontinuous case, the class of semistrictly quasi-convex fuzzy sets lies between the convex and quasi-convex classes. Aggregation or composition is an essential part for optimization or modeling, and some important composition rules for upper semicontinuous fuzzy sets are developed. We prove that a convex combination of upper semicontinuous fuzzy sets is an upper semicontinuous fuzzy set and the intersection of finitely many upper semicontinuous fuzzy sets is an upper semicontinuous fuzzy set. Finally, the criteria for the existence of fuzzy decision under upper semicontinuity conditions are derived and two examples in multiple objective programming are used to illustrate the approach. (~)
INTRODUCTION
The basic advantages of fuzzy modeling and optimization are the flexibility in the formulation of the resulting problems based on the original vague and frequently approximate data. Due to this flexibility and also due to the fact that almost all practical problems are approximate or vague, we can control the resulting models so that both in theory and in computation are simplified. For example, it is well known that if the problem satisfies certain convexity property, then that problem can be solved much easier both from theoretical or computational standpoints. However, in order to formulate these desirable resulting problems, we must have a complete, or, at least, reasonable understanding about the basic convexity properties of fuzzy sets. Many authors have investigated these basic properties. Some examples are: Ammar and Metz [1] defined various fuzzy convexities and considered the relationships between them. Yang [2] obtained criteria for quasi-convex fuzzy sets under upper semicontinuity conditions. Syau and coworkers [3] [4] [5] [6] [7] have studied various aspects of fuzzy convexity.
The concept of convexity and semicontinuity was also considered by various investigators. Yang [2] obtained criteria for quasi-convex fuzzy sets under upper semicontinuity conditions. In an earlier paper [3] , we gave characterizations for convex fuzzy sets under upper semicontinuity conditions. Recently, Yang [8] obtained a new result characterizing quasi-convex fuzzy sets under lower semicontinuity conditions. In [6] , we gave weak conditions for a lower semicontinuous fuzzy set to be a convex fuzzy set, and proved in the upper semicontinuous case that the class of semistrictly quasi-convex fuzzy sets lies between the quasi-convex and strictly quasi-convex classes. Recently, Ramik and Vlach [9] obtained criteria for the existence of max-min decision under upper semicontinuity conditions.
Motivated by earlier research works, we study the concept of convexity and upper semicontinuity for fuzzy sets, and investigate the interrelationships between several concepts of generalized convex fuzzy sets. We also proved that, in the upper semicontinuous case, the class of semistrictly quasi-convex fuzzy sets lies between the convex and quasi-convex classes. Since aggregation of fuzzy sets and its resulting properties form an important part of modeling, we also obtained some results concerning composition rules for upper semicontinuous fuzzy sets. For example, a convex combination of upper semicontinuous fuzzy sets is an upper semicontinuous fuzzy set and the intersection of finitely many upper semicontinuous fuzzy sets is an upper semicontinuous fuzzy set. Finally, criteria for the existence of fuzzy decision under upper semicontinuity conditions are derived.
PRELIMINARIES
For the convenience of reading, several definitions and results without proof from [1, 3, 5, 7] will be listed below.
Let R ~ denote the n-dimensional Euclidean space. We adhere to the concepts and notations in [1] , in which a fuzzy set/z : R n -~ [0, 1] was called convex if
for all z,y E supp(#) ----{t E n n : #(t) > 0), A E [0,1]; and strictly convex if strict inequality holds for all x, y C supp(#), x ¢ y, and A C (0, 1). Likewise, a fuzzy set # : R ~ -~ [0, 1] will be called quasi-convex if
for all x,y E supp(#), A E [0,1]; and strictly quasi-convex if strict inequality holds for all x, y e supp(#), x ~ y, and A E (0, 1). Note from the above definitions that a fuzzy set # : R n --~ [0, 1] is convex (respectively, quasi-convex) if it is a concave (respectively, quasi-concave) function in the common sense on its support, and that strictly convex fuzzy sets, convex fuzzy sets, and strictly quasi-convex fuzzy sets are all quasi-convex. It can be easily checked that supp(#) of any quasi-convex fuzzy set # : R n --* [0,1] is a (crisp) convex subset of R ~. Thus, we conclude that any of the aforementioned fuzzy sets has convex support.
An a-level set of a fuzzy set # : R n ~ [0,1] is defined as
where cl(supp(#)) denotes the closure of supp(#). We recall the following.
C o n v e x i t y a n d U p p e r S e m i c o n t i n u i t y 11!} A fuzzy set # : R n -4 [0,1] is normal if there exists a point x c R n such that #(x) = 1. A fuzzy number we treat in this study is a fuzzy set tt : R 1 ~ [0, 1] which is normal, upper semicontinuous, and quasi-convex.
Each a-level set of a fuzzy number is a closed interval, which can be represented as: [a(a), b(a)], where the limits a(a) = -o c and b(c~) = co are admissible. A fuzzy number is determined by the family of its upper c~-level sets. The most widely used fuzzy numbers are the so-called trapezoidal or triangular fuzzy numbers. This is because of the fuzzy or approximate nature of the problem and a straight line instead of nonlinear curve is good enough approximation. Trapezoidal fuzzy numbers are especially important in applications in fuzzy optimization problem. .is specified by two parameters {a, b} as follows: For two fuzzy sets #1, #2 on R n, #1 is said to be included in #2 (#1 c_ #2) if and only if ~l(x) < ~2(x), w c R ~
The intersection of two fuzzy sets #1 and #2, denoted by #1 A #2, is defined for all x E R n by
where the right-hand side of (2.4) denotes the minimum of #l(x) and p2(x). Let #1, #2,...,#k be fuzzy sets on R ~, then it can be easily checked that supp #j = supp(#j).
The fuzzy intersection operation is mathematically equivalent to the fuzzy conjuction in fuzzy logic. There are multiple choices for the fuzzy conjunction operator. The set of candidate fuzzy conjunction operators, called t-norms or triangular norms, is defined by a set of axioms. A common fuzzy conjunction operation is the minimum operator. An important property about t-norms is that all t-norms are bounded above by min (for details, see [10] ). Now, we recall that an intersection of finitely many convex (respectively, quasi-convex) fuzzy sets is a convex (respectively, quasi-convex) fuzzy set. 
Note from the definition of strictly convex fuzzy sets, and the above definitions, that any strictly convex fuzzy set is semistrictly convex (but not vice versa) and that any semistrictly convex fuzzy set is semistrictly quasi-convex (but not vice versa). 
MAIN RESULTS
In [6] , we proved for the family of semistrictly quasi-convex fuzzy sets with convex supports, that every local maximizer is also a global one. We have seen that any strictly convex fuzzy set is semistrictly convex (but not vice versa) and that any semistrictly convex fuzzy set is semistrictly quasi-convex. It follows for both families of semistrictly convex fuzzy sets with convex supports and strictly convex fuzzy sets that every local maximizer is also a globM one. In the following semistrictly convex fuzzy set,
any nonzero point in R 1 is a global maximizer. This indicates that it has flat maximum. The main difference between semistrictly convex and strictly convex fuzzy sets is that a semistrictly convex fuzzy set can have a fiat maximum whereas a strictly convex fuzzy set can attain its global maximum at no more than one point. We discuss the relationship between semistrictly convex and strictly convex fuzzy sets on the real line by the following result which is motivated by Yang [13] . 
for each h e (0, 1). Now suppose that tz(x) = #(y). Without loss of generality, we may assume that x < y.
Since tt is semistrictly convex, and #(z) >/z(x), we have
for each h E (0, 1). Similarly, it(z) > #(y) implies that Conversely, suppose that # : R 1 --~ [0, 1] is a strictly convex fuzzy set. We have seen that any strictly convex fuzzy set is semistrictly convex. We now show that # attains its maximum over its support at no more than one point. Let x* E supp(#) = (a, b) be a global maximizer of # and suppose, by contradiction, that it is not a strict global maximizer of # over (a, b), then there exists an • C (a, b), • ¢ x*, such that = , (x*).
By the strict convexity of tz, we have
for each A e (0, 1), which contradicts the assumption that x* is a global maximizer of # over (a, b). This completes the proof.
An analogous result to Theorem 3.1 for the quasi-convex case is the following theorem. Conversely, suppose that # : R 1 ~ [0, 1] is a strictly quasi-convex fuzzy set. We have seen that any strictly quasi-convex fuzzy set is semistrictly quasi-convex. We now show that # attains its maximum over its support at no more than one point. Let x* E supp(tL) = (a, b) be ,~ global maximizer of # and suppose, by contradiction, that it is not a strict global maximizer of # over (a, b), then there exists an • E (a, b), ~ ¢ x*, such that = By the strict quasi-convexity of #, we have # (Ax* + (1 -A)2) > min{p(x*), #(2)} = #(x*), for each A e (0, 1), which contradicts the assumption that x* is a global maximizer of # over (a, b). This completes the proof.
We have seen that supp(#) of any quasi-convex fuzzy set # : R n -~ [0, 1] is a (crisp) convex subset of R ~. This observation, combined with a similar argument used in proving Theorem 2.1, leads to an alternative characterization of quasi-convex fuzzy sets.
THEOREM 3.3. A fuzzy set It : R ~ --~ [0, 1] is quasi-convex if and only if the strong a-level set {t E R ~ : #(t) > a} is a convex set for each a E [0, 1).
Motivated by [14] , we obtain an interesting property of a fuzzy set that is quasi-convex, but not strictly quasi-convex. PROOF. Let It : R n -* [0, 1] be a fuzzy set that is quasi-convex, but not strictly quasi-convex. Then, there exist distinct points ~, z) E supp(it) and 5 E (2, z)) c_ supp(it) such that It(5) = min{it(~), It(g)}.
Without loss of generality, we may assume that It(2) _< #(~); then
It(5) = It( ) _< It(g).
If # is constant on [~, ~], then the proof is completed. If, on the other hand, # is not constant on [2, 2] , then by the quasi-convexity of It, there exists 5: E (~, 5) such that #(2) > It(2) = It (2) .
(3.9)
Since #(5) < It(~), from the quasi-convexity of #, we obtain It(y) > It (5), for all y E [5, 9] . (3.10)
Note from (3.9) and Theorem 3.3 that the strong level set {t e n": #(t) > #(5)} is a nonempty convex subset of R ~. Since 2 E ($, 2), It(2) > It(2), and 2 E ($, 9), by the convexity of the strong level set {t E R ~ : #(t) > #(5)}, it follows from (3.10) that # must be constant on Theorem 2.6 states that an upper semicontinuous semistrictly quasi-convex fuzzy set with convex support is also quasi-convex. We also have the following interesting property of a fuzzy set that is semistrictly quasi-convex, but not quasi-convex. Let zl E (~, £') and z2 E (£', 9). Then, by (3.11) and the semistrict quasi-convexity of It, we obtain This completes the proof.
~e have seen that any convex fuzzy set is a quasi-convex fuzzy set. It is easy to establish for fuzzy sets that convexity implies semistrict quasi-convexity. Let # : R 1 --* [0, 1] be a convex fuzzy set and let x,y E supp(t~), #(x) ¢ #(y). Without loss of generality, we may assume that t~(x) > #(y). Then,
for each A e (0, 1).
Hence,
and/~ is a semistrictly quasi-convex fuzzy set. Then, by Theorem 2.6, we obtain the following result.
THEOREM 3.6. In the upper semicontinuous case, the class of semistrictly quasi-convex fuzz)" sets lies between the convex and quasi-convex classes.
THEOREM 3.7. Let f be a real-valued function on R n, and let g be a real-valued function on R 1 , If f is continuous at p E R n and g is upper semicontinuous at f(p), then h(x) = g(f(x)) is upper semicontinuous at p.

PROOF. Let u = f(p)
. Given e > 0, since g is upper semicontinuous at u, there is an ~ > 0 such that g(v) < g(u) + e, whenever Iv -u I < ~.
For this ~, since f is continuous at p, there exists a 5 > 0 such that If(x) -f(P)l < •, whenever ltx -Pll < 5.
Combining these two statements, we find that By the well-known facts from mathematical analysis the pointwise infimum of an arbitrary collection of upper semicontinuous functions is upper semicontinuous. This result, combined with Theorem 3.8, leads to the following theorem. 
APPLICATIONS TO DECISION MAKING
Finally, we will briefly present the essence of Bellman and Zadeh's general approach to decision making under fuzziness. Bellman and Zadeh [15] introduced the basis of most optimization problems, in which both objective(s) and constraints in an ill-defined situation are represented by fuzzy sets. In the case presented, a collection of I objective functions G1, G2,..., Cz, and m constraints C1, C2,..., Cm, defined on the decision space X, are assumed to be given. A fuzzy decision D in X is defined by its membership function where x E X and • denote an appropriate aggregation operator. Due to the ease of computation, the most commonly used aggregation operator is the minimum operator. The biggest disadvantage of this operator is that it is completely noncompensatory. In contrast to the minimum operator, the arithmetical average aggregation operator is fully compensatory (for details, see [16] ). More explicitly, #D (x) corresponding to the arithmetical average aggregation operator has to be ,)
In addition, Bellman and Zadeh [15] pointed out that D might be expressed as a convex combination of the goals and constraints, with weighting coefficients reflecting the relative importance of the constituent terms.
If there exists a subset M C X for which to (x) reaches its maximum, then the fuzzy subset D M of D defined by max#D(X), forxEM, ~DM (X) = 0, elsewhere, will be said to be the optimal decision and any x in the support of D M will be referred to as a maximizing decision. We now discuss some applications of upper semieontinuous fuzzy sets to fuzzy decision making. Assume that we are given l fuzzy goals G1, G2,..., Gt, and m fuzzy constraints C1, C2,..., Cm in a space of alternatives X c R n such that The membership function /£D (X) of the fuzzy decision corresponding to the minimum aggregating operator has to be It follows from Theorem 2.2 that the fuzzy decision #D is a convex fuzzy set. The fuzzy decision corresponding to a strict convex combinations of the fuzzy goals and fuzzy constraints has to be for some ~'1,---,'Yj,.-. ,3'l+m > 0 with ~/1 + "" + ~j + "" + ~/l+m = 1. As pointed out in [15] , the weighting coefficients 71,...,Tj,-..,~/l+m > 0 reflect the relative importance of the fuzzy goals and fuzzy constraints. It follows from Theorem 3.8 in [7] that the fuzzy decision #b(x) is a convex fuzzy set. It follows from Theorem 2.2 that the fuzzy decision ffD is a quasi-convex fuzzy set.
